Abstract. For any dimension d ≥ 3 we construct C 1 -open subsets of the space of C 3 vector fields such that the flow associated to each vector field is Axiom A and exhibits a non-trivial attractor which mixes exponentially with respect to the unique SRB measure.
Introduction
The Axiom A flows of Smale [21] have been extensively studied in the last three decades and are now relatively well understood. One important remaining question concerns the rate of mixing for such flows. The conjecture that all mixing Axiom A flows mix exponentially was quickly proven false by Ruelle [20] and then Pollicott [18] constructed examples which mix arbitrarily slowly. Building on work by Chernov [8] , Dolgopyat [9] demonstrated that all mixing Anosov flows with C 1 stable and unstable foliations mix exponentially. Unfortunately this good regularity of the invariant foliations is not typical [14] . Dolgopyat also showed [10] that rapid mixing (super polynomial) is typical, in a measure theoretic sense of prevalence, for Axiom A flows (mixing is with respect to any equilibrium state associated to a Hölder potential). Building on these ideas Field, Melbourne, and Török [12] showed that there exist C 2 -open, C r -dense sets of Axiom A flows for which each non-trivial basic set is rapid mixing. It is tempting to think that exponential mixing is a robust property, i.e., if an Axiom A flow mixes exponentially then all sufficiently close Axiom A flows also mix exponentially. This remains an open problem, even limited to the case of Anosov flows. Dolgopyat [11] conjectured that the set of exponentialy mixing flows contains a C r -open and dense subset of the set of all Axiom A flows. For a more complete history of the question of rates of mixing of hyperbolic flows the reader is directed towards the introductions of [16, 12] .
The purpose of this short article is to construct open sets of Axiom A flows which mix exponentially. The first and third author previously constructed [3] open sets of three-dimensional singular hyperbolic flows (geometric Lorenz attractors) which mix exponentially with respect to the unique SRB measure. The question was raised that perhaps the presence of the singularity in these flows actually aids the mixing and allows for the robust exponential mixing. In this article we show that we do not need the presence of the singularities but actually we can just take advantage of the volume contraction of the flow (and consequently a domination condition) in order to carry out a similar construction.
Results & Outline of the Proof
Let M be a Riemannian manifold and X t : M → M the flow associated to the vector field X. We consider the C r distance on the space of C r -vector fields X r (M ). Note that this induces a natural distance on the space of flows. We say that the flow is C r if the associated vector field is C r . We recall the notion of a (hyperbolic) basic set [7] . In particular a basic set Λ ⊂ M is closed, invariant, hyperbolic, and X t | Λ is topologically transitive. A basic set is called an attractor if there exists an open set (the trapping region) U ⊂ M , and t 0 > 0, such that X t0 U ⊂ U . Consequently Λ = ∩ t∈R+ X t U . A basic set is non-trivial if it is neither an equilibrium nor a periodic solution. It is known that for every basic set of an Axiom A flow there exists a unique SRB measure which we denote by µ. For any Hölder continuous observables φ, ψ : U → R we define the correlation
We say that the flow mixes exponentially if there exists γ > 0 and for each φ, ψ (Hölder on U ) there exists C φ,ψ such that |ρ φ,ψ (t)| ≤ C φ,ψ e −γt for all t ≥ 0. The following two theorems are the main results of this article.
such that for each X ∈ U the associated flow is Axiom A and exhibits a non-trivial attractor which mixes exponentially with respect to the unique SRB measure.
As far as the authors are aware, this is the first published result concerning the existence of robustly exponentially mixing Axiom A flows. The strategy for the construction of the open sets in the above theorem is similar to the one developed in [3] for singular flows. Theorem A is a consequence (details in Section 4) of the following more fundamental result.
, and Λ is an attractor. Further suppose that the stable foliation is C 2 . Then either the flow mixes exponentially with respect to the unique SRB measure or there exists an X t -invariant foliation of U ⊃ Λ which is (d − 1)-dimensional and transverse to the flow direction.
The proof of the above is described in Section 3 and involves quotienting along stable manifolds of a well-chosen Poincaré section to reduce to the case of a suspension semiflow over an expanding Markov map. We can then apply the result of Avila, Gouëzel, and Yoccoz [4] which implies exponential mixing for the semiflow unless the return time function is cohomologous to a piecewise constant function. This then gives exponential mixing for the original flow. We have no reason to believe that the requirement of a C 2 stable foliation is essential to the above theorem, however the present methods rely heavily on this fact. Note that although we require this good regularity of the stable foliation we have no requirements on the regularity of the unstable foliation. This is in contrast to Dolgopyat's original argument which required C 1 regularity for both the stable and unstable foliation.
The following questions remain: Are all exponentially mixing Axiom A flows also robustly exponentially mixing? Is the set of exponential mixing flows dense among the set of all Axiom A flows? It would appear that both these questions are of a higher order of difficulty.
The second alternative in Theorem B can be seen in several different ways. It is equivalent to the flow being a suspension over an Axiom A diffeomorphism where the return time function is constant on each element of the Markov partition. In this case it is possible that the flow does not even mix or may mix arbitrarily slowly. It may also be seen as the joint integrability of the stable and unstable foliations.
The additional ingredient in order to use Theorem B in order to prove Theorem A is a result concerning the regularity of foliations. First we must introduce a little more notation. Let · denote the Riemannian norm on the tangent space of M . As before X t : M → M is an Axiom A flow and Λ is a non-trivial basic set. Since the flow is Axiom A the tangent bundle restricted to Λ can be written as the sum of three DX t -invariant continuous subbundles,
where E c is the one-dimensional bundle tangent to the flow and there exists C, λ > 0 such that
This is a classical result of the arguments 1 described by Hirsh, Pugh, and Shub [15] . As hinted earlier this question of regularity is a subtle issue. In the case of Anosov flows, one cannot in general expect the stable foliation (or equivalently the unstable foliation) to be better than Hölder [14] . If the invariant foliation of interest is codimension one then the argument can be improved and better regularity obtained. However the stable foliation of a hyperbolic flow can never be codimension one. Another case where a better argument is possible is when the flow preserves a contact form. In this case it is possible to show that the stable foliation for a three-dimensional contact Anosov flow is better than C 1 . For higher dimensions Liverani [16] was able to bypass the regularity of the stable and unstable invariant foliations and show exponential mixing using the contact structure, an observation that suggests that the regularity of the stable foliation is not essential.
We will construct open sets of Axiom A flows which satisfy the assumptions of Theorem 1. We remind the reader that such flows must be dissipative, therefore the hyperbolic basic set Λ is of zero volume, and thus such flows are necessarily not Anosov. Moreover, since the domination condition of Theorem 1 is an open condition it implies that there exist open sets of Axiom A flows which posses a C 2 stable foliation. Therefore, to prove that robust exponential mixing does exist we apply Theorem B and prove that the non-existence of an X t -invariant (d − 1)-dimensional transverse foliation is also an open condition. Details of this argument are given in Section 4.
1 Actually Theorem 1 holds in greater generality. We may replace the exponent "2" by any real number k > 0. In this case the stable foliation is ⌊k⌋-times differentiable with derivative that is (k − ⌊k⌋)-Hölder.
The Dichotomy for Axiom A attractors with C
2 -stable foliation.
The purpose of this section is to prove Theorem B. For the duration of this section we fix X ∈ X 2 (M ) where M is d-dimensional and assume that X t : M → M is a C 2 Axiom A flow and that Λ is an attractor with a C 2 stable foliation. In the following, the terms Markov family, local section, and rectangle are as defined by Bowen [6] . The first step is to carefully choose a Poincaré section for the flow.
Lemma 2. There exists a Markov family
where the ∆ i are C 2 disks which are contained within local unstable manifolds and the Γ i are subsets of the local stable manifolds.
Proof. By [6, Theorem 2.5] we know that X t : Λ → Λ has Markov families of local sections of arbitrarily small size. However we need to modify this Markov family so the hypersurfaces associated with the rectangles are C 2 and foliated by local stable manifolds. Suppose that R i is one of the rectangles of the Markov family and that S i ⊃ R i is the corresponding hypersurface.
Given any ε > 0 and a continuous function g :
x ∈ R i } and also define similarly
These sets are clearly contained in the the open set B i,ε = {X t (x) : x ∈ S i , −ε ≤ t ≤ ε}. As long as ε is sufficiently small then the Markov structure of the family is preserved. We use this idea to slightly modify the original Markov family so that the requirements of the lemma hold. The construction can be done as follows. Let ∆ ′ i be a C 2 smoothed version of ∆ i . Then consider the section produced by the union of local stable manifolds which intersect ∆
Since the stable foliation of X t : Λ → Λ is C 2 then each of the sections S ′ i is C 2 as it is foliated by C 2 local stable manifolds. We use the fact that Λ is an attractor to ensure that the ∆ i of the product structure are C 2 disks and not Cantor-like sets.
Now we have such a Poincaré section S = {S i } i ⊂ U we can represent the flow as a suspension flow. We denote the return map by P : S → S and the return time by τ : S → R + . Let F s denote the foliation of U by local stable manifolds. A key point in this construction is that the return time τ is constant along the local stable manifolds and C 2 -smooth. Quotienting along these manifolds we obtain a suspension semiflow over an expanding map. The fact that the section is foliated by local stable manifolds is essential. Let ∆ = S F s (the quotient of S with respect to the local stable manifolds). A concrete realization of this quotient is given by ∆ = {∆ i } i . Let F : ∆ → ∆ denote the quotiented return map and for future convenience let π : S → ∆ denote the corresponding projection. Since the return time is constant along stable leaves we also write, by some abuse of notation, the return time τ : ∆ → R + . Denote by m the induced normalised Riemannian volume form.
In the following we will make the connection to the flows studied in [4] . It will turn out that our setting is simpler in several ways, including that fact that the Markov partition is finite and not merely countable, the return time τ : ∆ → R + is uniformly bounded, both from above and from below, and the domain of the expanding Markov map is merely the union of disks. Let d u denote the dimension of the unstable bundle E u , and let d s denote the dimension of the stable bundle E s .
Lemma 3. The map F : ∆ → ∆ is a C 2 uniformly expanding Markov map, i.e.,
(1) ∆ = {∆ i } i is the disjoint finite union of d u -dimensional C 2 disks, (2) For each i there exists a finite partition {∆ i,ℓ } ℓ (m modulo zero) of ∆ i by open subsets so that F : ∆ i,ℓ → ∆ ℓ is a C 2 diffeomorphism for every i, ℓ; (3) There are C > 0 and λ ∈ (0, 1) such that (
Proof. By Lemma 2 each disconnected component of the Poincaré section for the original flow has the appropriate product structure which implies the Markov structure of F : ∆ → ∆. The C 2 -smooth regularity of the cross-sections S i and the flow (X t ) t is enough to guarantee that the return map P : S → S is also C 2 on each component. Using that the stable holonomy is also C 2 -smooth, this in turn implies that F : ∆ i,ℓ → ∆ ℓ is a C 2 diffeomorphism when restricted to each partition element. This is enough to obtain properties (1) and (2) . The uniform expansion estimates follow from the uniform hyperbolicity of the original flow. In fact, since the diameter of the Markov structure can be taken arbitrarily small we assume this is the case so that the return time function τ has uniform bounds 0 < τ 0 ≤ τ (·) ≤ τ 1 < ∞ satisfying λ 1 := CKλ τ0 < 1, where K is a uniform bound for the derivative Dπ of the holonomy function π on S. Then, the property that (DX t | E u ) −1 ≤ Cλ t applied to the nth return to the cross section yields that (DF n ) −1 ≤ λ n 1 . This proves (3) and completes the proof of the lemma. Proof. We must show that the following properties hold:
(1) π : S → ∆ is continuous and F • π = π • P whenever both members of the equality are defined; (2) there is a P -invariant probability measure η giving full mass to S; (3) there exists a family of probability measures {η x } x∈∆ on S which is a disintegration of η over ν, that is, x → η x is measurable, η x is supported on π −1 (x) and, for each measurable subset A of S we have η(A) = η x (A) dν(x). Moreover, this disintegration is smooth: we can find a constant C > 0 such that, for any open subset V ⊂ ∆ i,ℓ and for each u ∈ C 1 (π −1 (V )), the functionũ : V → R, x →ũ(x) := u(y) dη x (y) belongs to C 1 (V ) and satisfies
Du(y) .
(4) there is κ ∈ (0, 1) such that, for all w 1 , w 2 ∈ S i in the same local stable leaf, i.e. π(w 1 ) = π(w 2 ), we have d(P w 1 , P w 2 ) ≤ κd(w 1 , w 2 ).
Property (3) can be established similarly as in [3] for the geometric Lorenz attractor while the other properties are clear. It may happen that property (4) only holds for some iterate of the map. In this case we simply use the standard technique of an adapted metric (see [13] ) to obtain the above required estimate with respect to the new distance.
We define the suspension flow in the usual way: Let S τ = {(x, u) : x ∈ π −1 (∆), 0 ≤ u < τ (πx)}. Define the flow (P ) t : S τ → S τ by (P ) t (x, u) = (x, u + t) whenever u + t < τ (πx) and by (P ) t (x, u) = (P (x), 0) whenever u + t = τ (πx). The flow is defined for all t ≥ 0 by assuming that the semigroup property (P ) t+s = (P ) t • (P ) s continues to hold. Note that the suspension flow (P ) t : S τ → S τ is intimately connected to the original flow X t : U → U for some neighbourhood U of the attractor.
We say that τ : ∆ → R + is cohomologous to a piecewise constant function if there exists some C 1 function γ : i,ℓ ∆ i,ℓ → R such that τ − γ • F + γ is constant on each ∆ i,ℓ . Following [4, Definition 2.6], the suspension flow (P ) t : S τ → S τ over the hyperbolic skew-product P is an excellent hyperbolic semiflow if τ is bounded from below by some positive constant τ 0 , τ is not cohomologous to a piecewise constant function and there exists a positive constant K so that |D(τ • h)| ≤ K for every inverse branch h of F .
Lemma 5. Suppose that τ : ∆ → R + is not cohomologous to a piecewise constant function. Then (P ) t : S τ → S τ is an excellent hyperbolic semiflow.
Proof. This follows immediately from Lemma 4, the supposition concerning not being cohomologous, and the definition of an excellent hyperbolic semiflow.
That (P ) t : S τ → S τ is an excellent hyperbolic semiflow means [4, Theorem 2.7] that it mixes exponentially for C 1 observables. This in turn means that the original flow X t : U → U also mixes exponentially for C 1 observables. By the usual approximation argument this implies exponential mixing for Hölder observables (for some slower, yet still exponential, rate)
2
. To complete the proof of Theorem B it remains to show the other alternative to the supposition of the above lemma.
Lemma 6. Suppose that τ : ∆ → R + is cohomologous to a piecewise constant function. Then there exists a X t -invariant foliation F su of U which is (d − 1)-dimensional and transverse to the flow direction.
Proof. We will modify the Poincaré section S and take advantage of the cohomology equation τ − γ • F + γ = χ, where χ is constant on each ∆ i,ℓ . We will do this modification in such a way that we preserve the Markov structure and such that the return time function of the suspension flow associated to the new section is piecewise constant. The partition of ∆ naturally gives a partition of S, i.e., S i,ℓ = π −1 (∆ i,ℓ ). For each i, ℓ fix some y i,ℓ ∈ ∆ i,ℓ . Define the components of the new section by
This is similar to the proof of Lemma 2. It may happen that the components of the new section are not disjoint as subsets of M . In this case we artificially subdivide so that each of the original components of the section is small. We can do this simply using a refinement of the Markov partition. Note that the return time for the new section, at a point x ∈ S i,ℓ , is given by the expression τ (πx) − γ(y i,ℓ ) + γ(πx) + γ(F (y i,ℓ )) − γ(F (πx)) which, by the cohomology equation, is constant on each S ′ i,ℓ .
2 One uses the following fact concerning Hölder functions: If f ∈ C α then there exists C > 0 such that for all ε > 0 there exists fε ∈ C 1 such that f − fε C 0 ≤ εC and fε C 1 ≤ ε −(1−α) . This approximation can be applied to the two observables in the definition of correlation with ε chosen as a function of t, smaller as t becomes larger.
Robust exponential mixing
The purpose of this section is to prove Theorem A. We will make use of the dichotomy in Theorem B and the regularity of the foliation given by Theorem It is a simple matter to ensure that the contraction in the stable direction is much stronger that the expansion in the unstable direction so that the domination condition (1) holds. An attractor of higher dimensions is achieved by a similar construction but with additional uniformly contracting directions added.
The above construction is far from being the only possibility. To construct a four dimensional flow another obvious choice is to start with the Smale Solenoid Attractor. This is an Axiom A diffeomorphism in R n which exhibits an attractor Λ with one-dimensional unstable foliation and n − 1-dimensional stable foliation. Constructing a flow from this as per the above proof gives a (n + 1)-dimensional Axiom A flow exhibiting an attractor. For a wealth of possibilities in higher dimension we may take advantage of the work of Williams [22] on expanding attractors. By this the expanding part of the the system is determined by a symbolic system of an n-solenoid, this means that the expanding part of the system may be any dimension desired. Then he shows that the stable directions may be added and the whole system embedded as a vector field on R d . Since the domination condition (1) is open we obtain the following as an immediate consequence Lemma 7 and of the regularity given by Theorem 1: There exists a C 1 -open subset U ⊂ X 2 (M ) of Axiom A flows exhibiting a transitive attractor Λ with C 2 stable foliation. Then, using Theorem B, for any X ∈ U the corresponding transitive attractor for the Axiom A flow X t : M → M admits a C 2 stable foliation and, consequently, either the unique SRB measure mixes exponentially or there exists a X t -invariant foliation of a neighborhood of Λ in M which is (d − 1)-dimensional and transverse to the flow direction. Hence, to finish the proof of Theorem A we need to show that we can ensure that the second alternative is a closed condition and that the complement is not empty.
Lemma 8. The construction of a vector field X ∈ X 3 (M ) according to Lemma 7 may be modified to ensure that there does not exist a (d − 1)-dimensional X tinvariant foliation.
Proof. It suffices to show that the construction can be modified such that τ : ∆ → R + is not cohomologous to a piecewise constant function. Choose two distinct periodic points x 1 , x 2 of F : ∆ → ∆ of the same period n whose orbits are distinct. Furthermore ensure that each orbit visits each of the elements of the Markov partition the same number of times as the other (but necessarily in some different order to each other). This means that the symbols in the first n coordinates of the itineraries of x 1 and x 2 in the shift space are the same. That such distinct orbits exist is due to the Markov structure and the connection to symbolic dynamics. For instance, in the case where the Markov partition has the two components ∆ 1 , ∆ 2 we can choose n = 4 and x 1 such that x 1 , F (x 1 ) ∈ ∆ 1 , F 2 (x 1 ), F 3 (x 1 ) ∈ ∆ 2 and, on the other hand, x 2 such that x 2 , F 2 (x 2 ) ∈ ∆ 1 , F (x 2 ), F 3 (x 2 ) ∈ ∆ 2 . Set τ n (x) = n−1 j=0 τ (F j (x)). Since x 1 and x 2 visit the same Markov partition elements an equal number of times, if τ : ∆ → R + is cohomologous to a piecewise constant function then τ n (x 1 ) = τ n (x 2 ). This means that we merely need to slightly alter the function τ in a small neighbourhood of x 1 that does not intersect the orbit of x 2 to ensure that τ : ∆ → R + is not cohomologous to a piecewise constant function.
Remark 9. The previous argument actually proves that for F : ∆ → ∆ fixed there exists an open and dense set of continuous roof functions τ : ∆ → R + that are not cohomologous to a piecewise constant roof function.
We have now shown that there exist the above examples of flows which do not admit a codimension one invariant foliation transversal to the flow direction. Therefore, in order to complete the proof of Theorem A, it only remains to show that this property is open. 
